It is shown that if A' is a compact operator which commutes with a bounded operator A on a. Hilbert space H and if K is contained in the weak closure of the range of the derivation induced by A, then K is quasinilpotent.
{A}'. Then, (A-X)iXn-Xn(A-X)1-*j(A-X)¡-lC in the weak operator topology for every positive integer j and every fixed scalar X. (It is assumed that (A-Xy=lifj=0.)
Proof by induction.
The case/= 1 is obvious. For;"=2, multiply the commutator AXn-XnA = (A-X)Xn-Xn(A-X) on the left by A-X and add it to the commutator multiplied on the right by A-X. Then, (A-X)2Xn-Xn(A-X)2->-2(A-X)C weakly. Suppose (A -XfXn-X"(A -Xf^k(A -X)k~lC weakly for all k*Sj where/^2. Then (a -X){(a -xyxn -x"(a -xy\ + {(a -xyxn -xn(A -xy\(A -X)
Since {A-Xy-1Xn-XJLA-ky-1-*(j-l)(A-X)i-%Cweakly by the induction assumption, (A-Xy+lXr,-Xn(A-X)'+l^(j+l)(A-X)iC weakly.
Theorem 1. Let A e ^C(H) and let {Xn} be a sequence of operators in £f(H) such that the sequence {AX" -XnA} converges weakly to an operator C of finite rank in {A}'. Then C is nilpotent.
Proof.
Let the range of C be R(C) and let dim R(C) = k^l. If R(C'+1)j¿R(C') for 1 ^i^k, then clearly C is nilpotent. Hence, we assume the existence of the smallest positive integer q such that R(C) = R(CQ+1). Then, R(C)=R(Cr)^{0} for all r^q and C restricted to R(C) is nonsingular. Also, A may be assumed to be nonsingular by replacing A by A-XI if necessary. For notational convenience, we let R(C)=\V. Since This result allows us to obtain the following stronger theorem.
Theorem 2. If A e ¿?(H) and {Xn} is a sequence of operators in ^(H) such that (AXn-XnA) converges weakly to a compact operator K in {A}', then K is quasinilpotent.
Suppose K is not quasinilpotent. Then, there exists an isolated nonzero eigenvalue X0 in the spectrum a(K) of K. By a theorem of Riesz [7, p. 183] , the root space M(X0) corresponding to A0 of K (i.e., the subspace {feH:(K-X0)nf=0
for some positive integer n}) is finite dimensional, is invariant under K, and has the property that K\ M(XQ) has singleton spectrum {X0}. Since a(K) is denumerable with 0 the only possible point of accumulation, it is possible to choose two disjoint simply connected open sets °UX and <WZ such that X0eWx and o(K)-{X0}<=-a¿¿2. Let yx be a simple closed rectifiable curve lying in °l/x containing X0 in its interior, and let y2 be a simple closed rectifiable curve lying in all2 containing o(K) -{X0} in its interior.
By a theorem of Riesz [7, p . 421],
is an idempotent which commutes with K, and the range of E is M(Xa). Let/(z) be the analytic function defined on 01/x\Jal/2 which is identically 1 on °l/x and identically 0 on °?/2. It follows from the definition of f(K) [7, p. 431 ] and (1) that f(K) = E. Since the complement of %U% is connected in the extended complex plane, it follows from Rung's theorem [4, p. 317 ] that there exists a sequence of polynomials Pn(z) which converges uniformly to/(z) on yxUy2.
Thus,
Since ||(z-,/v")-11| is uniformly bounded on yx^>y2, it follows that \\Ptl(K)-E\\^0. Now observe that the sequence K(AXn-XnA) = A(KXn) -(KXn)A converges weakly to K2. A similar argument shows that HP is any polynomial, then P(K) belongs to R(ôAyvn{A}'.
In particular, if P"(z) is the sequence determined above, then P"(K) e R(ôA)~wn{AY. Therefore, f(K)=Ee R(dA)~w n{A}'. Since E is an operator of finite rank and 1 e a(E), this contradicts Theorem 1. Therefore all compact operators K in R(óA)~wn{A}' are quasinilpotent.
Examination of the proof of Theorem 2 shows that the hypothesis that K is compact was used only to conclude that the idempotent E defined by (1) is an operator of finite rank. Thus, we have actually proved the following stronger result. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
